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Abstract 
Cools, R. and P. Rabinowitz, Monomial cubature rules since “Stroud”: a compilation, Journal of Computa- 
tional and Applied Mathematics 48 (1993) 309-326. 
A bibliography of references to cubature rules which have appeared since the publication of Stroud’s book 
(1971) is presented. The standard regions that are treated in this paper are the n-cube, the n-simplex, the 
n-sphere and the entire space. 
Keywords: Cubature rule; multiple integration rule. 
1. Introduction 
Over two decades ago, Stroud published his encyclopedic work on multiple numerical 
integration, Approximate Calculation of Multiple Integrals [98]. In this book, Stroud presented a 
rather complete summary of the theoretical and practical aspects of multiple numerical 
integration, a comprehensive bibliography and a listing of almost all multiple integration or 
cubature rules (CRs) for a variety of regions. This book has proved very useful to all workers in 
the field and very few papers concerned with multiple numerical integration omit it from their 
list of references. 
Now, the study of multiple numerical integration has continued unabatedly during the past 
two decades. Much of what was done until 1984 is summarized in [24], which contains an 
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extensive bibliography. Some later references can be found in [9,10,37,60,78]. This paper is 
concerned with continuing the work of Stroud in one specific area, namely the compilation of 
all so-called monomial CRs which have appeared since the publication of [98] plus some CRs 
which appeared earlier but were not included in [98] for some reason. We should qualify the 
word “all” in several ways. First, we have restricted ourselves to four regions so that several 
regions treated in [98] are not included in our compilation, such as the surface of the sphere, 
the spherical shell, the hexagon, the octahedron, etc. Second, we have ignored the Russian and 
other nonwestern literature, except when it has appeared in translation. The reader who has 
access to Russian publications is referred to [81] for information about this literature. Third, we 
have not included every CR we have seen, omitting CRs which did not satisfy certain 
reasonable criteria which we give below. Finally, we have surely overlooked some CRs which 
have appeared in the accessible literature and, a fortiori, CRs which have appeared in theses, 
technical reports, research papers, etc. If the reader has any information about such CRs, he is 
requested to inform the authors. 
We remark that this is not the first compilation that has been made. Previous compilations 
have appeared in [10,72] and, indeed, they have been very useful in the preparation of the 
present work. However, they were limited in scope and not as comprehensive as the present 
compilation and certainly not as up-to-date. In the next section, we give the necessary 
background and description of the tables including some guidelines for deciding which CRs 
were included and which sources are given for a CR when it has several sources. 
2. Background material and description of the tables 
We consider CRs of precision or degree d of the form 
/ w(x)f(x) dv= 4vff R,,rf, 
B, 
where B, is a region in an n-dimensional Euclidean space E,, x := (x,, . . . , x,J is a point in E,, 
dV is an element of volume in E,, w is a weight function, 
N 
INf:= Cyf(xJ, Wi#O, i=l,..., N, 
i=l 
is a CR and RNf is the remainder which has the property that RNf = 0 if f is a linear 
combination of monomials of the form 
n 
I-I--q, 
j=l 
with CTcli, < d and RNf # 0 for some such monomial with Cy=,ij = d + 1. 
The regions B, which we include in our compilation are the three bounded regions C,, the 
hypercube, S,, the hypersphere, and T,, the simplex, and the entire space E,. Associated with 
the bounded regions is the weight function w(x) = 1 while with E, we associate two weight 
functions, exp( -r) and exp( -r2> where y2 := C~,lx~. As in [98], E, with these two weight 
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functions is denoted by E,’ and E,“, respectively. The definitions of the bounded regions are 
given by 
C,: -l<Xj&l, j=l,..., n, 
S,: r2,< 1, 
T,: kXj<l, Xj>O, j=l,..., II. 
j=l 
In our compilation, we give individual tables with information about CRs for the following 
regions of particular dimension: C,, T, (n = 2, 3, 41, S,, E,’ (n = 2, 31, E,” (n = 2, 3, 51 and one 
additional table for C,, S,, T, and E,” of general dimension. 
In most cases, we also add a separate table of embedded sequences of CRs. These sequences 
are either fully or partially embedded. In a fully embedded sequence, each CR of higher degree 
includes among its integration points each point of all the CRs of lower degree in the sequence. 
In a partially embedded sequence, some points in a CR of lower degree do not appear among 
the points of a CR of higher degree. Although, in theory, any sequence of CRs can be 
considered to be a partially embedded sequence, in practice we require that the number of 
points not appearing in the CR of higher degree be “small”. If we relax the condition in (2) 
that all weights wi # 0, then we can look upon a partially embedded sequence as a fully 
embedded sequence in which some weights vanish. In our tables, we take this approach and 
indicate partial embedding by the letter P in the column labeled N. We remark that sometimes 
CRs appearing in an embedded sequence are also included among the individual CRs when 
they are more efficient than some of the CRs included in the tables, where we define one CR 
over a region B, to be more efficient than another CR over the same region if both are of the 
same degree and the first CR uses fewer points than the second. 
As a general rule we do not include CRs of degree 2m - 1 which use more than m” points 
since the (Cartesian, spherical or conical) product Gaussian rule of degree 2m - 1 requires mn 
points and is usually superior to any other CR of the same degree. This also holds true for the 
top of an embedded sequence, since there is a very good way to generate an embedded 
sequence starting with a product Gaussian rule and generating CRs of lower degree in an 
optimal manner [21]. Exceptions to this rule are CRs with properties that some users may 
desire, such as equal weights, points on the boundary or more symmetry. 
In our tables, we give the following information about CRs and embedded sequences in 
addition to the degree d and the corresponding number of integration points N, namely the 
quality and the references, The quality of a CR is given by one or two letters which use a slight 
extension of the notation introduced in [68]. The first letter gives information about the weights 
wi. If all wi are positive, we denote this by the letter P, unless they are all equal, in which case 
we use the letter E. If some wi are negative, we indicate this by the letter N. Occasionally, only 
the points of a CR are published and not the weights, since these can be evaluated quite easily 
by solving a system of linear equations. In this case, we replace the first letter with a question 
mark. The second letter only appears for bounded regions B, and gives information about the 
location of the integration points xi. If all xi E B,, we indicate this by the letter I, unless some 
of the xi lie on the boundary of B,, in which case we use the letter B. If some xi E B,, we write 
0. In the case of an embedded sequence, consisting of p CRs, p or p + 1 letters are used 
depending on whether B, is the entire space or not. In the latter case, the last letter gives 
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information about the integration points in the last CR of the sequence, namely the one of 
highest degree. In all cases, the first p letters give information about the weights of all the CRs 
in the sequence, starting with the CR of lowest degree. In the quality column, we also indicate 
the number of CRs which have the same values of d and N and the same quality. If there is a 
one-parameter family of CRs with the same characteristics, we indicate this by ~0. 
We now give the guidelines for the entries in the references column which we have tried to 
keep as short as possible although we try to supply all useful references. As principal reference, 
we give the first appearance of the CR in a journal or book, even though it has previously 
appeared in an internal report or thesis. At times, this reference is supplemented by a second 
reference which corrects some deficiencies in the first reference or which derives the same CR 
in a different context. Another case where additional references are included occurs when a 
later paper contains all of the CRs in an earlier paper plus many additional ones. In this case, 
we wish to spare the user the trouble of consulting two references when all the information he 
requires appears in the later paper. Internal reports and theses are only mentioned if the CR 
did not appear in a journal or book. On inspecting the CRs in the tables, the reader may notice 
that in many cases, less efficient CRs were computed after the appearance of more efficient 
ones either in [98] or elsewhere. One possible explanation for this is that the less efficient CR 
was computed as an example to illustrate a particular theory for the construction of CRs. The 
reader may also notice that we have included some CRs from [98], even though our explicit aim 
was to present CRs which did not appear in [98]. One reason for this is that in many cases the 
CR in [98] is minimal and we wished the reader to have this information since we append an 
asterisk to all CRs known to contain the theoretically minimal number of points. Another 
reason is to avoid gaps in the tables as one proceeds from one value of d to another value 
d, > d + 2. Finally, a CR from [98] may not be minimal among all CRs of a given degree, but 
still it has some additional useful feature which is not present in other CRs. So, if [98] lists a 
formula that is PI and none of the known formulae with less nodes is PI, we include a reference 
to [98]. We do not give additional references to CRs that appeared in [98]. 
All the CRs in our tables are CRs for which either numbers or formulas are given in the 
references for the points xi and, in most cases, for the weights wi. Hence, we did not include 
the CRs in [55] which are given as functions of the moments, nor the CRs in [13,58] which are 
of considerable interest and which can be generated by the algorithm given there. 
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3. Cubature formulae for two-dimensional regions 
3.1. Cubature formulae for the square C, 
Degree N Quality References Degree N Quality References Degree N Quality References 
4* PI 
5 NI 
6* PI 
PI 
PIG) 
PO 
7* PI 
8 PI 
PI 
10* PI 
PI 
PI(2) 
PO 
12* PI 
PO 
PI 
PI(~) 
PI 
PI(4I 
PI(,) 
Ml 
1821 
[911 
[651 
[loll 
[651 
[%I 
1381 
[%I 
[W 
1911 
[loll 
[911 
D81 
[%I 
1561 
11 24* PI 
25 NI 
1751 
[5Il 
26 NI 
NI 
[651 28 NO 
]651 30 PO 
PI(m) 
13 PO 
?I(m) 
14 PI 
PO 
8 15* PO ]791 
16 PIG) [IOIl 
9 17* PI 
18 PI(2) 
20 PI 
PI 
PO 
21 NI 
23 PI 
24 PI 
Embedded cubature formulae 
P21 NO 1801 
]391 
[921 
]391 
]391 
1751 
[@I 
1391 
[III 
[301 
33 NI [821 
13 33 
34 
36 
40 
56 
15 44 NO 1981 
45 NO ]301 
48 NI [701 
PI 1181 
NO 1191 
PO [301 
NO [ill 
PI ElII 
PO [ill 
NI [821 
]391 
[391 
[391 
17 57 NO(2) [ill 
60 PI ]301 
]I81 19 68 NO ]991 
]87,501 72 PO 1301 
WY 21 85 NO ]791 
[501 88 PO 1301 
WI 31 200 NO [801 
[561 
Degrees N Quality References 
397 5, 17 NNI WI 
5, 7 13,17 NNI [421 
8, 16 PN I(2) ]121 
12, 16 NPI 1351 
7, 9 12, 25 PPI [I21 
13, 25 PPI ]I21 
13, 25 PNI ]I21 
17, 25 PPI [351 
I, 3,537, 9 1, 5, 13, 21, 25 P51 ]2Il 
1,3,5, 7, 9, 11, 13 See [43, p.5861 with n = 2 ?I [431 
1, 3,5, 7, 9, 11, 13, 15, 17 See [43, p.5861 with n = 2 ?O ]43,221 
9, 11 18,36 PN I(2) [I21 
9, 15 41,49 P ?P I(3) B91 
11,13 33,65 NNI [821 
11,17 33,97 NNI Ml 
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3.2. Cubature formulae for the circle S, 
Degree 
4 
N 
6* 
10 
7* 
8 
12 
10* 
11 
14 
12* 
16 
18 
20 
16 
18* 
19 
20 
21 
Quality References 
PI [%I 
?O WI 
El K!l 
PI [%I 
PO 1111 
EI 1321 
H(2) 1281 
PO [90,1011 
PI 1621 
PO 11011 
EI 1321 
PI 1981 
EI WI 
EI WI 
EI D2.1 
PI [loll 
PO B81 
PI 1741 
PI [511 
H(3) 1111 
PO(2) 1111 
PI 1111 
Embedded cubature formulae 
Degree 
11 
13 
15 
17 
19 
21 
23 
25 
27 
31 
N 
25 
26 
34 
35 
36 
41 
44 
61 
71 
76 
90 
99 
97 
108 
127 
140 
172 
Quality References 
PO 1501 
PI [871 
PI [501 
PO 1191 
PB [191 
PI 1151 
PI Ml 
PI 1981 
PI Ml 
PO 1461 
PI 146,341 
PI 1461 
PI [46,131 
PO [461 
PI [46,341 
PI 1461 
PI 146,341 
PI 146,341 
Degrees N Quality References 
537 8, 16 PN I(2) 1121 
17,27 71, 183 PNI 1161 
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3.3. Cubature formulae for the plane Ei2 
Degree N Quality References Degree N Quality References Degree N Quality References 
7 12* P [981 
9 18* P [511 
19 P Ml 
P 1511 
20 P [Ill 
21 P [ill 
11 25 P 1501 
26 P [871 
P [501 
28 P 1461 
13 34 P 
36 P 
41 P 
[191 
[I51 
[461 
15 44 P 
P 
[981 
[471 
17 61 P [461 
19 71 P(2) 
76 P 
[461 
[461 
21 90 P 
99 P 
1461 
Ml 
23 97 P 
108 P 
I61 
1461 
25 127 P Ml 
27 140 P [461 
31 172 P Ml 
Embedded cubature formulae 
Degrees 
3,5,...,2m+l 
5, 7 
7, 9 
11,13 
9, 15 
9, 25 
13, 25 
17, 23, 39 
17, 23, 43 
N 
See [43, ~5861 
with n = 2 
8, 16 
12, 25 
25,49 
19,61 
29,141 
43, 155 
71, 155,393 
71,155,449 
Quality References 
CM) Lx21 
PN(2) 1121 
PN WI 
PN 1121 
PP 041 
PP 1141 
PP 1141 
PNN [141 
PNN [141 
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3.4. Cubature formulae for the plane E,’ 
Degree N Quality References Degree N Quality References Degree N Quality References 
7 12* P WI 
P 1511 
9 19 P 1461 
P [511 
20 P [ill 
21 P 1111 
11 26 P 
P 
28 P 
[501 
WI 
[Ml 
13 34 P 
36 P 
41 P 
[lOI 
1151 
WI 
15 44 P 
P 
[%I 
[471 
17 61 P Ml 
19 71 P 
76 P 
[461 
MI 
21 90 P 1461 
99 P 1461 
23 97 P 1461 
108 P 1461 
25 127 P [461 
27 140 P [461 
31 172 P 1461 
Embedded cubature formulae 
Degrees N Quality References 
5, 7 8, 16 PN 
7, 9 13, 25 PN 
9, 19 19,85 PP 
9, 23 19, 109 PN 
9, 25 29, 141 PP 
13,19 41,91 PN 
17,23 71, 155 PN 
5, 9, 19 7, 25, 85 PPN 
5, 9, 27 7, 25, 157 PPN 
1121 
1121 
1341 
[I41 
1141 
1141 
[I41 
1141 
1141 
R. Cools, P. Rabinowitz / Monomial cubature rules since “Stroud” 317 
3.5. Cubature formulae for the triangle T2 
Degree N Quality References Degree N Quality References 
2 3* 
7 
4 
4* 
5 
6* 
7 
8 
9 
10 
7* 
9 
10 
12 
13 
16 
12* 
13 
14 
15 
16 
PI D81 
PI@ L531 
PB [981 
PB 1531 
EI [33,341 
EI [53] 
NB El 
NI [981 
PI(2) [531 
EI [33,341 
PI L531 
PI [23,29,64,68,73,97] 
?I [921 
PI [23,64,73,97] 
PB (531 
EI [33,341 
PB [681 
NB [251 
NB [681 
PI [981 
PI [23,64,73,97] 
PI [531 
PB [681 
NI [75,44,25] 
PI [23,29,64,68,73,97] 
PI [21 
PB [681 
PB [531 
NB 1681 
PI 1401 
NI [23,29,64,68,73,97] 
PI(2) 1381 
NO [451 
PI [641 
PB [681 
PB 1531 
8 15* 
16 
21 
9 19 
21 
22 
10 22 
25 
25 
11 27 
28 
12 33 
13 36 
37 
40 
14 42 
15 48 
16 52 
17 61 
18 70 
19 73 
20 79 
PO D71 
PI [68,29,64] 
NI b81 
NI [681 
PI [68,29,64] 
PB [64] 
PB 1681 
PO [I71 
PI(2) 1641 
PI WI 
PO [68,291 
PI 1681 
PI 1291 
NO Bl 
PI [291 
PI Bl 
PB 181 
PB 181 
PI 1291 
PO [291 
PO [291 
PI Dl 
NO [291 
PI [291 
NO LB1 
318 R. Cools, P. Rabinowitz / Monomial cubature rules since “Stroud” 
Embedded cubature formulae 
Degrees N Quality References 
1,3,...,2s+l s+3 
( 1 
NI 
S 
t441 
2,3,4,5 4, 7, 10, 13 PPPNB [521 
4, 7, 10, 16 PPPP B [521 
3, 7, 10, 16 PNNN I(2) [521 
598 7, 19 PPI [631 
5, 7 7, 16 PNI 1201 
5, 7,9 7, 16, 28 PNNI [411 
4. Cubature formulae for three-dimensional regions 
4.1. Cubature formulae for the cube C, 
Degree N Quality References Degree N Quality References Degree N Quality References 
1 1* PI [981 22 PI(2) t21 63 PB Ml 
2 
8 PI(2) 
4* PI 
PI 
3 6* PB 
12 PI 
14 PI 
16 PI 
10* PO 
11 PO 
13 PI(2) 
13* PI 
PI 
PI 
15 NI 
PO 
21 PI 
PI 
[21 
1981 
ma 
Ml 
@.I 
M 
Dl 
[1001 
121 
[21 
[981 
1771 
121 
[391 
[21 
[391 
Dl 
26 PI [391 
32 EI t281 
11 
7 27 PO 1981 
32 PO [31 
33 NB 1831 
35 PB [361 
9 52 NO [721 
53 NO WI 
NO 1311 
56 NI WI 
57 NO WI 
NI [721 
NI WI 
NB(2) 1361 
58 PI 1361 
59 PB WI 
PI 1361 
62 PI WI 
PI WI 
89 NO [311 
NI WI 
90 PI(2) 1361 
91 PI(2) Ml 
PB(2) 1361 
96 PI [361 
PB 1361 
97 PI [361 
PB [361 
13 151 NO [311 
15 223 NO [31 
235 NO 1311 
17 307 NO 1311 
19 435 NO 1311 
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Embedded cubature formulae 
Degrees 
5,7 
579 
N Quality 
25,33 NNI 
27,57 NNI 
References 
[421 
[61 
7,9 40, 64 
41,65 P 
41,65 
41,65 P 
41,65 P 
71,71 
33,71 
45,77 
45,125 
(PIN I 
?PI 
(NW I 
(N)P I 
(PIN I 
(N)P I 
‘CN)N I 
(N)N I 
(NH’ I 
171 
[891 
[71 
171 
171 
[71 
161 
[61 
[61 
9, 9 77,125 (N)P I b1 
9, 11 91,115 (N)P I [71 
71,137 (NlN I [61 
103,151 (N)N I [61 
168,216 (P)P I [61 
1,3,5, 7, 9, 11, 13 See [43, p.5861 ?I(m) [43,221 
with la = 3 
1,3, 5, 7, 9, 11, 13, 15, 17 See 143, p.5861 ?O(m) 143,221 
with n = 3 
4.2. Cubature formulae for the sphere S, 
Degree N Quality References Degree N Quality References Degree N Quality References 
4 11 PI [21 
5 13* PI [981 
14 NI [481 
15 PI 121 
PI [481 
30 EI [281 
7 27 PO 1981 
32 PB [841 
PI B41 
PI [931 
33 PI WI 
9 45 
52 
53 
55 
56 
63 
71 
73 
81 
PI 
PO(2) 
PI 
PO(3) 
PO 
PI 
PI 
PI 
NI 
PI 
NI 
1611 
[721 
[611 
V21 
[611 
[721 
[931 
[611 
1611 
1611 
WI 
11 77 PO [41 i5 223 NO 131 
PO [4,31 
82 PO [31 
83 NI 131 
84 PI(2) 1931 
PI [93,31 
86 PI [491 
13 126 NO 131 
127 NI [31 
137 PO [4,31 
145 NI 131 
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4.3. Cubature formulae for the space Ei2 
Degree N Quality References Degree N Quality References Degree N Quality References 
5 13” P PW 9 45 P 1611 81 N 1611 
P 1771 52 P 1721 
19 P 1851 53 P [611 11 77 P t4,31 
55 P 1611 86 P 14,31 
7 27 P 1981 63 P t611 
32 P 1861 71 N 1611 13 127 N 131 
137 P 1491 
Embedded cubature formulae 
Degrees N Quality References 
1,3,5 ,..., 2m+l See [43, ~5861 with II = 3 ? [221 
4.4. Cubature formulae for the space E$ 
Degree N Quality References Degree N Quality References 
5 13* P 1981 9 45 P 1611 
P 1771 53 P(2) 1721 
P 1611 
7 27 P t981 55 P 1611 
32 P w-51 63 P I611 
71 N [611 
81 N [611 
4.5. Cubature formulae for the tetrahedron T3 
Degree N Quality References 
1 1* PI 1981 
4 PI 1341 
4* PI 1981 
PI 1541 
PB 1541 
PB 1901 
5 NB 1251 
10 NI 1341 
5* NI t981 
8 PB 1981 
PI 1341 
PI t541 
NI 1541 
Degree N Quality References 
4 11 NI 1591 
14 PI 1591 
15 PB 1541 
NB 1251 
16 PI t571 
PI 121 
29 PB 111 
35 NI 1341 
5 14 PI t441 
?O 1411 
15 PI l591 
NI 1751 
NI 144,251 
17 PI 1571 
Degree N Quality References 
11 82 P 131 
86 P 14,31 
13 127 N t31 
137 P 14,31 
Degree N Quality References 
27 PI 1541 
56 NI 1341 
6 24 PI 1591 
29 PI 1571 
40 PB 1541 
66 NI 1341 
7 31 NJ 1591 
33 NI(2) 15,31 
8 43 NI 15,31 
45 NI 1591 
9 53 NO 15,31 
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Embedded cubature formulae 
Degrees N Quality References 
1,3,...,2s+l NI [441 
5. Cubature formulae for four-dimensional regions 
5.1. Cubature formulae for the four-cube C, 
Degree N Quality References Degree N Quality References 
3 8 H(2) [391 7 49 NO [%I 
NO [‘Xl 
5 24 PI 1951 57 PI 171,961 
25 NI 1391 73 PI [271 
33 ?I 1891 
41 PI [391 9 145 NI 1941 
64 EI 1281 153 N(5) [941 
160 PI(5) [941 
161 PI@) [941 
Embedded cubature formulae 
Degrees 
5,7 
7, 9 
3,5,7, 9, 11, 13 
N 
41,57 
33,65 P 
33,65 P 
105, 169 
See [43, p.5861 
with n = 4 
Quality 
NNI 
NPI 
?I 
NPI 
?I(m) 
References 
1421 
1951 
1891 
[951 
[4X221 
3, 5, 7, 9, 11, 13, 15, 17 See [43, p.5861 ?O(m) 143,221 
with n = 4 
5.2. Cubature formulae for the four-simplex T4 
Degree N Quality 
1 1* PI 
References 
1981 
5* 
6 
6* 
21 
21 
PI [%I 
PB 1901 
NB 1251 
NI [981 
NI [44,251 
NB 1251 
NI l44.251 
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6. Cubature formulae for five-dimensional regions 
6.1. Cubature formulae for the space El2 
Embedded cubature formulae 
Degrees 
1,3,5 ,..., 2m+l 
1, 3,577, 9 
N Quality References 
See [43, p.586] ? ix21 
with n = 5 
1, 11,411, 461, 565 ? WI 
7. Cubature formulae for n-dimensional regions 
Region Degree N Quality References 
5 
7 
12 < N < 23680 EI 
,(;)+4(;)+4n+1 
8(;)+16(;)+4n+l 
12<N<8000 
8(3+4(n21 +4n+l,n#5,6 
ldl,.n = 5 
293, n = 6 
2n2+1, n#4 
25,n=4 
72 < N < 53952 
8(;)+16(;)+4n+l 
n+1* 
n+3 ( 1 2 
PI if n < 4 
NIifn>,5 
NI 
EI 
PI if n Q 4 
NI if n > 5 
Pif ng4 
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